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POINTWISE CONVERGENCE ALONG CUBES FOR MEASURE 

PRESERVING SYSTEMS 

cn" 

^ ■ BY I. ASSANI 
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^ ■ Abstract. Let (X, S, ^) be a probability measure space and Ti,T2 , T3 three not neces- 

O ; 

, sarily commuting measure preserving transformations on {X, B, fi) . We prove that for aU 



> 

(N 



bounded functions /i, /2, /a the averages 



1 ^ 

^2 E MTrx)f2{T2"'x)MTr"^x) 



n.m—l 



00 

q 

(~| ■ converges a.e.. Generahzations to averages of 2*° — 1 functions are also given for not 



necessarily commuting weakly mixing systems. 



1. Introduction 

In [Al] and [A2] we proved that if T is a measure preserving transformation on (X, B, fx) 



' then the averages of three functions 

o ■ 

g I ^ E /i(T"x)/2(T"x)/3(r"+-x) 

, n,m=l 

> 

X 

. We want to show that the method we used in these papers can yield more general point- 



or more generally 2*^ — 1 functions converge a.e. 



wise results. More precisely we want to show that one can have pointwise convergence when 
T is replaced by measure preserving transformations Tj, 1 < i < 3 that do not necessarily 
commute. As shown in [Be] Khintchin 's recurrence theorem [Kh] can be extended by the 
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convergence of such averages. One can observe that if Ti and T2 do not necessarily commute 
then the averages 

n=l 

may diverge ([Ber]). Also an example given in [L] shows that the averages 

1 ^ 

n,m=l 

may also diverge if Ti and T2 do not necessarily commute. 

Theorem 1. Let {X,B,fx) be a probability measure space and Ti, T2 , three not neces- 
sarily commuting measure preserving transformations on (X,B,iJ,). Then for all bounded 
functions fi, 1 < i < 3 the averages 

1 ^ 

^ ^ f^{nx)f2{TTx)f^{T-+^x) 

n,m=l 

converge a.e. 

At the present time we do not know if the pointwise convergence holds for averages along 
the cubes of 2^ — 1 functions for A; > 2 for not necessarily commuting measure preserving 
transformations. However if the transformations Ti, 1 < i < k are weakly mixing then we 
can establish the pointwise convergence of the averages for all positive integer k and identify 
the limit. 

Theorem 2. Let {X, B, fi) be a probability measure space and Ti weakly mixing transfor- 
mations (not necessarily commuting) on this measure space. Then the averages along the 
cubes applied to the bounded functions fi, 1 < i < — 1 converge a.e. to 11^=7^ / fidfJ-- 
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The norm convergence follows by integration as the functions are in L°°. We can derive 
the following corollaries. The first one extends Khintchine's recurrence theorem. The case 
Ti=T2 = T was treated in [Be]. 

Corollary 1. Let {X,J^,ii) be a probability measure space and Ti, T2 two measure preserv- 
ing transformations on this measure space. We denote by T\ and X2 the u algebras of the 
invariant sets for Ti and T2. Consider A a set of positive measure. Then 

N 

n,m=l -^"^ 

In particular ifli CT2 (or I2 <Z Ti) then 

1 ^ 

n,m=l 

The assumption I\ C Z2 is satisfied if T\ is ergodic as the invariant functions for Ti are 
then the constant functions. 

We recall that a set of integers is said to be syndetic (also called relatively dense) if it 
has bounded gaps. A corollary of theorem 2 is the following. 

Corollary 2. Let {X,B,ii) be a probability measure space andTi weakly mixing transforma- 
tions (not necessarily commuting) on this measure space and < A < 1. For all measurable 
set A of positive measure, for all k >1, for ji a.e. x the set 

is syndetic. 
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2. Proof of theorem 1 

The following lemma will be useful for the theorems we want to prove. 



Lemma 1. Let an, bn and c„, n G N &e three sequences of scalars that we assume for 
simplicity bounded by one. Then for each N positive integer we have 



N 



m,n=l 



f < AMin 


sup 1 




t 



^ 2N 



Cm' C 



2nim't 1 2 



m'=l 



,sup 

t 



1 ^ 
n'=l 



1 ^ 

Proof. We denote by MN{a,b,c) the quantity an-bm-Cn+m- The steps are similar 



n,m=l 



to those given in the proof of theorem 4 in [Al] . We have 



|Mjv(a,6,c)p 



/ 1 ^ 1 ^ N 

< \Hlo[j^rY.\j;^rY.^rnCn+rn\^\ 
^ n=l m=l ' 

Af TV 2Ar 

^ ||„||2 -'■ \^ / / L -2TTimt\( ^ \^ ^ '2mm' t\ ^2mnt 

n=l m=l m'=l 

m=l m'=l 

^ 2JV 2 

5^E'=™-""" /lE 

m'=l m=l 
^ 2Af 

2iV ^ 



< a 



<4M^sup 



< 4||a||^sup 



„2'rrim t 



bme 



-2-Kimt\2 



„2mm't 



m'=l 



2N 



<4||a||^||6||^sup|^ £ Cm" 

m'=l 



2TTim't 1 2 
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This provides a first bound for |M7v(a, 6, c)p. To obtain tlie second bound we can start 
instead in the following manner. 

|Mjv(a,6,c)|2 

N ^ , N 2N 



< ml 



m=l n=l n'=l 



Prom these last steps by using a similar path we obtain the second bound. □ 

The Wiener- Wintner pointwise ergodic theorem asserts that if T is a measure preserving 
transformation on the probability measure space {X, B, ij) and / a L°° function then we 
can find a set of full measure such that for x in this set the averages 



1 ^ 

(1) -5^/(r-x)e™ 

n=l 

converge for all real number t. One can see [A3], for instance, for various proofs of this 
result. The following lemma extends this result. 

Lemma 2. Let T2 and be two measure preserving transformations on {X,B,fj,). For 

each pair of functions f2, /a in L°° there exists a set of full measure Xj^j^ such that if x 
is in this set then the averages 

1 ^ 

-2 Yl /2(r2"^x)/3(r3-+-x)e™ 



Ar2 

m,n=l 



converge for all t. 



Proof. Without loss of generality we can assume that the functions /2 and f^ are bounded 
by 1. 
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We consider an ergodic decomposition Hc^^ for Ts on (X,B,iJ,). This means that on 
{X, B, iXcfi) the transformation is measure preserving and ergodic. Furthermore ;Uc,3 is 
a disintegration of /x, i.e. for each integrable function / G L?-{n) we have J f(x)diJ,{x) = 
J f{y)diJLc{y)dP{c) where P is a probabihty measure. 

Using this ergodic decomposition we can conclude that for P a.e. c, for each positive 
integer m the functions /2 o are all in L°°{^c,3) and bounded by one. The functions 



/s o are also for P a.e. c in L°°(/Xc,3). So we consider the set C^^i of full measure 
where all these functions are bounded by one for /Xc,3 a.e. y. We restrict this set further by 
considering the disintegration of the set of x where the averages 



(2) 1 /2(r2™x)e2--^ 

m=l 

converge for all e. This means that for P a.e. c there exists a set a set of //c3 full measure 



such that the averages in (2) converge for all e real. Let us denote by 6*3,2 this set of 



full measure of c. Now we pick c in the set C3 = C^^i fl C3,2 and restrict ourselves to 
{X,B, iJ,c,3)- We denote by /Cc,3 the Kronecker factor of T3. It consists of the closed linear 
span of the eigenfunctions of T3 in L^(/Xc,3) with an orthonormal bassis 6^3 of eigenfunctions 
with modulus 1. We decompose the function into the sum -Ffcc sl/a) + / ~ PiCcsifs)- The 
function gc,3 = / ~ -FfccsC/s) being in the orthogonal complement of X^c,3 we have by the 
uniform Wiener Wintner ergodic theorem (see [A3]) for instance ) for ij,c,3 a.e y 

N 



(3) lim sup 

N t 



m=l 



0. 



Applying lemma 1 pointwise with a„ = e^'^*"*, bm = f2{T2^y) and Cn+m = gc,ziT'^^'^y) and 
using (3) we obtain 
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lim sup 

N t 



1 ^ 
m,n=l 



It remains to prove the convergence of 



4 E /2(r2"^2/)^'iCe,3(/3)(Tr+'^y)e™ 



m,n=l 



for all t. The function PiCczih) can be written in terms of the orthonormal basis e^^3 as 

oo „ 

( / /3ec3<^A*c,3(y))-ec,3- ^^o'^ 6^ch eigenfunction 6^3 with eigenvalue Ac,fe we have 



k=l 



N N 
m,n=l m,n=l 



N N 

The last term is equal to e,,siy)- ^ e2-"(*+^c,.) ^ _^^(^rny)g2.imA„,_ 



N ^ N 

n=l m=l 



AT 



1 • 1 • 

The sequence ec,3{y)— E e^''*"^*+'^'='*^ converges for all t by the convergence of — ^ e^''*"^ 

n=l n=l 

for each 9 real. The Wiener Wintner crgodic theorem and the disintegration mentioned 

1 ^ 

above guarantee the convergence of — ^ f2{T^y)e^'^^'^^''>'^ for /Xc,3 a.e. y. By linearity 

m=l 

if 



we can reach the same conclusion for the finite sum ^ ( / /3.e^3ci/Xc,3(y)) .€^^3. The sai 

k=i •' 

00 „ 

conclusion for Pjc.^sih) = E ( / h^X^'^l^c^'iiy)) -e^z 

k=i 

follows by approximation and the use of the maximal inequality in L'^di^s)- 

Thus we have found a set of c of full P measure such that for /Xc,3 a.e, y the averages 

1 ^ 

^ E /2(T^2"y)/3(T3"^+"y)e™ 

m,n=l 
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converge for all t. By integrating with respect to c we obtain a set of x of full measure for 
)U where 



1 ^ 

^ J2 /2(r2™x)/3(T3™+"x)e™ 



m,n=l 

converge for all t. This concludes the proof of the lemma. □ 

End of the proof of theorem 1 With the previous lemmas we can finish the proof 
of theorem 1. We take an ergodic decomposition of Ti with respect to /x We denote the 
disintegrated measures by iic,i- By using the previous lemma for /2 and /a fixed functions 
in we can find a set of full measure D such that if c is this set then we have the 

following properties; 

(1) the functions /i o T^{y), h ° T^iv) and fs o T^+'^iy) are Hc,i a.e. y bounded by 
one 

1 ^ 

(2) for /ic,i a.e. y the sequence ^ h{TTy)h{T^^'^y)e^'''''^^ converges for ah real 

m,n=l 

number t. 

We fix c in D and denote by /Cc,i the Kronecker factor of Ti. We decompose the func- 
tion /i into the sum PK^x{fi) + f — PiCciifi)- The function PjCdifi) can be written as 

oo „ 

( / h-^c,i'^l-''c,i{y)) -^0,1 where the functions e'^ ^ are eigenfunctions for Ti of modulus 

k=i ' 

one with eigenvalues We can use (2) above to prove the convergence of the averages 

1 ^ 

^ E <iiTl'y)f2{T^y)MTr^''y). 

m,n=l 

By linearity and approximation we can prove the convergence for ij,c,i a.e. y of the averages 

1 ^ 

^ E PK.Afi){Try)f2{T^y)h{Tr^''y). 

n,m=l 
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The convergence of the averages 
1 ^ 

n,m=l 

is obtained by applying pointwise the second bound hsted in lemma 1. We pick an = 
[fi - PK^AhWry), bm = f2{T^y) and c„+^ = fsiT^'^'^y). The result follows by the 
uniform Wiener Wintner theorem applied to the function [/i — PiCc,i{fi)] and the ergodic 
dynamical system {X, B, /Xc,i, Ti). We can finish the proof by integrating with respect to P. 

3. Proof of Theorem 2 
The proof can be made by induction on k. 
The case k=2 

We have in this case the following lemma. 

Lemma 3. Let {X,B,iJ,) be a probability measure space and Ti, T2 and T3 be three weakly 
mixing measure preserving transformations on this space. Then for all L°° functions, fi, 
f2 and /a the averages 

1 ^ 

E /l(Trx)/2(T2™x)/3(r3"+-x) 
m,n=l 

converge a.e. to 11^=1/ fid/J'- 

Proof The lemma follows from the proof of theorem 1. When the transformations are 
weakly mixing the Kronecker factors are all reduced to the constant functions identified 
with C. Thus the pointwise limit will be zero for /x a.e. x if one of the functions fi, 
1 <i <S has zero integral. The result follows without difficulty from this observation. □ 



10 



BY I. ASSANI 



The case k > 2 

The induction method will be sufficiently described by considering the case k = 3. Moving 
to higher values of k can be done in the same way as in [Al]. We only sketch the proof as 
we can follow a similar path. 

So we consider seven weakly mixing transformations on (X,B,iJ,), Tj, 1 < i < 7 and 
seven bounded functions fi, 1 < i < 7. For simplicity we denote f{T^x) by T"^f{x). The 
averages in this case are 



MNih.hr ■■ ,h){x) 



N 

^ Tl^hix)T^hTiM^)T:+'^MxK^''h{x)Tt"'Mx)T^^"'^PMx) 



iV3 ^ 

n,m,p=l 



We have the following lemma. 



Lemma 4. // /i or h 

C-L then for a.e. X 



(4) 



1 ^ 
lim — > 

AT M ^ 



n=l 



1 ^ 

-y 

m=l 



Trh{x)T^+"'h{x)e 



Proof. This can be obtained by following the same steps as those used in [Al]. The assump- 

1 ^ [ 

tion made that /i or /2 are in C"^ is reflected in the fact that lim | / TT'/iT"+'*/id/x| = 



h=l 



0. (one can assume that the functions are real). We skip the proof of this lemma. 



□ 



End of the proof of theorem 2 
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|Mjv(/l,/2,...,/7)|' 

N N N 



N N 



n=l 



m=l 



N N N 

^ ll/ill~ll/2ll~ll/3ll^ ^ E rr/4(x)rr™/5(x)rr-/6(x)Tr'^+-/v(a 



p=l n=l 
3 



m=l 



illoo- 



i=l 



n=l p=l m=l m'=l 

^ 3 Af „ Af 2Af 

< ]^ n 11/^11- E / E rr/4(^)r5"+'"/5(x)e-2--*) (- ^ Tf h{x)Tl^+^' Hx)e^-^^'') 

i=l n=l m=l m'=l 

^ 3 AT AT 2 5 



1=1 n=l m'=l 



13 lloo 



5 -.AT ^ N 



i=l 



n=l m'=l 



With the help of lemma 4 one can conclude that if /e or /y belong to C"*- then the averages 
of these seven functions converge to zero. By using the symmetry of the sum of the averages 
with respect to n, m and p one can see that the averages will converge to zero if one of the 
functions /i G C"*-, 1 < z < 7. 



4. Proof of the Corollaries 



4.1. Corollary 1. The averages 



1 



AT 



JV2 ^ 
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are the integrals of the functions 

1 ^ 

n,m=l 

with respect to the measure /x. As a particular case of theorem 1 we have the pointwise 
convergence of these averages. Thus 

1 ^ 

n,m=l 

exists after integration. So we just have to prove that 
1 ^ 

n,m=l 

in norm to conclude. For each N we have 
1 ^ 

^ ^ iA(rrx)i^(r-+-x) 

n,m=l 

N N 

= iV^ E lA(ri«a;)E(l^,T2)(x) + ^ ^ l^(rf a;)[l^(r«+™x) - E(l^,X2)(a:)] 

n,m=l n,m=l 

The first term of the last equation converges by Birkhoff's pointwise ergodic theorem to 
E(l^,Xi)(a;).E(l^,X2)(x). Noticing that the function E(l^,l2)(a;) is T2 invariant we can 
bound the norm of the second term by 



n=l m=l 



This term is less than 

N N , N 



N N 

1^ E b E ° ^2"^ - ^i^A,l2)] o T^h. 



which is equal to 



n=l n=l m=l 



1 ^ 

-Y,[UoT^-E{lA,l2)]h 



m=l 



A 
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This last term tends to zero by the mean ergodic theorem applied to T2. This proves that 
1 ^ 

limll— . V lA(rfx)lA(r2"+'"a;) -E{1a,Ti){x)M1a,12){x)\\2 = 0. It remains to show 

n,m=l 

that 

/ E{lA,Ii)ix).EilA,l2){x)dfi > fiiAf 

J A 

if Ii Cl2- We have 

E{lA,Il)ix).E{lA,l2)ix)dfl 

lA{x)E{lA,Il){x).E{lA,l2){x)dfi = J E{lA,l2){x)E{lA,Il){x).E{lA,l2){x)dfl 

E[E(lA,T2)',Xi](x)E(lA,Ti)(x)d^ > J EilA,Ii)HxMiA,Ii){x)dfi 

= J E{lA,Ii fdfi > ( J E{lA,Ii){x)dfiY = fi{Af 
This ends the proof of the corollary 1. 

4.2. Corollary 2. For each fixed positive integer k we just need to apply theorem 2 to the 
functions fi = 1a for I < i < 2^ — 1. The pointwise convergence of the averages along the 
cubes of these 2^^ — 1 functions to the limit indicates that for /i a.e. x the set 

{(ni,n2,...,nfc) GZ' : 1a{x).1a{TI'^x).1a{T^'+'''x) ■ ■ ■ 1a{T^'^'''^-^'''x) > Xfi{Af} 

is syndetic. 

References 

[Al] I. Assani: "Pointwise Convergence of Averages Along Cubes," Preprint 2003 available on 

|http: / /www.arxiv.org/PSl cache /math/pdf/0305/0305403.pdf . 
[A2] I. Assani: "Pointwise Convergence of Averages Along Cubes II," Preprint (2003) available on 

|littp://www.arxiv.org/PS|| caclie/matli/pdf/0305/0305388.pdf 
[A3] I. Assani: "Wiener Wintner ergodic theorems", World Scientific Pub Co; 2003 ISBN: 9810244398. 



14 BY I. ASSANI 

[Be] V. Bergelson: "The multifarious Poincare Recurrence theorem," Descriptive Set Theory and Dynam- 
ical Systems,, Eds M. Foreman, A.S. Kechris, A. Louveau, B. Weiss. Cambridge University Press, New 
York (2000), 31-57. 

[Ber] D. Berend: "Joint ergodicity and mixing", J.d'Anal. Math., 45,(1985), 255-284. 

[L] A. Liebman: "Lower bounds for ergodic averages", Ergodic Theory and Dynamical Systems, 22 (2002), 

863-872 

[Kh] A. Y. Khintchine: "Eine Verschaxfung des Poincareschen " Wiederkehrsatzes" ," Comp. Math., 1, 
(1934), 177-179. 



